ss A Proof of Theorems and Propositions

309 A.1 Proof of Theorem 1

st0  The variance of a mixture estimator is

311 The variance of Vj rx is

- (11)

312 Therefore,

Z 3 Z
> <Z\ai|>2
T
(\Zail)g = 1. (12)

313 This means that any mixture estimator other than Varrx has higher or equal variance.

VMIX

314  A.2 Proof of Proposition 1

315 The unbiasedness is proved as

T M

E[Varxr — V] ZZ%WL&*ZV)&

t=0 =1
T M

= E[Z Z ai,t(f/i,t - Vt)]
th?uzzl

= Z Z Oéi,t]E[(Vi,t - Vt)]

t=0 i=1
—0. (13)
st6 The variance of VM IXT 18
V[Viixr) = Z Z af V[V; > ainainCovlVig, Vi) |, (14)
i=1 \ t=0 1<t <t <T
317 where V¢, Z _, @y = 1. We construct the Lagrangian function for the problem

M
LIAA] = Z Zath Vit +2 Z altlaztzcov[ it ztz Z)\t Z%t*ly
=1 t=0 1=

1<t <t2<T
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where \; are Lagrangian multipliers. Let M = 0and 65 =0, we get

ViVt 2V(V;iai —I—ZZOQ Tcoumt,m] =\, (16)
THL
M
Za’i»t =1 a7
We denote [Aos Aty e M) T by A From d_i) we know that Vi 2%; & _)* = A which means Vi & a
inst X. Add up (17), and we get € = Zf\i ar = 22 E 1A, which means 1A =
(Zf\/ll ~1)=1¢. Therefore, Vi o'} = (ZZ L ohH We have found a stationary point

of (14), so now we need to show that 1t 1s the global minima. Note that the solutions of (I7)
forms a convex set on RM*T, In addition, because all the covariance matrixes are positive definite,

V[VM 1x] is also a strictly convex function of @ . Therefore, _>* are the local minima as well as the
global minima.

To prove the variance reduction, we rewrite Va7 x as

) M T
Vmrx = ZZ%’W,L (18)

i=1 t=0

Note that «; ; are the optimal mixture weights to minimize variance, so V[VM 1x7] < V[VM 1x]-

A.3 Proof of Proposition 2

The variance of V1 xc is
M T T
ViVmixe] = Z Z Z (0,4,05,4,Cov[Vi 1y, Vi, | + Bity Bty Cov[Wi e, Wi 4]

i=1t1=01t2=0

+al t]ﬂltzCOv[‘/l t17WZ t2]+/82 tlal t2COU[ Zt]’Vi,tz])' (]9)
Like in[A.2] We construct the Lagrangian function for it by
M T T

L[A, B, A] = Z Z Z (b, 0,0, CoV (Vi Vit ] + Bise, Bista Cov[Wi e, , Wi, ]
=1 $1=0 t2=0

+ (673 tlﬁ’b tzcov[‘/l t1 WZ tz] + /B’L tlal tQCOU[ 1,61 Vi,tg])

— Z )\t(z Oéiyt - ].) (20)
t=0 =1

L 8[:: 3[:: h
etﬁ O’ﬁ O’ﬁ 0, we have

—> % —
) A\ _ (Hinn Hin) (A
v <Ff) B (Hi,21 Hi,22> (ﬁ) ) (21)
M
Zai_’t =1. (22)

By we can get < qul _>;‘ =3 Zl 1 Hiqn A and compute A Bringing it to ( , we get
aF = H; 11(2] VHin) e and? = Z721(2j:1 Hj11)~ €. Similar t0 we can prove

(2

that this stationary point is the global minima.

B Delta Method

B.1 Derivation of Delta Method

In this section, we introduce Delta Method [18], which is used for estimating the variance of WIS and
WDR. Given a function of expectations of random variables § = f(E[X]), it is usually hard to obtain

10
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an unbiased estimator. Luckily, if f is a continuous function, the empirical estimation 6 = f (X),
where X is the sample mean of data, is strongly consistent. However, the samples are inside the
function so the variance of 6 is hard to determine. We present the technology in|Owen [[18]] here to
build the framework of estimating variance for 0.

By first order Taylor expansion of f, g is approximated by
d

0~ 0+ (Xi—m)fil), (23)

i=1
where X; is the i-th component of X, p; = E[X;], and f; = %. When the sample size n is large,

X, is very close to j;, so the right hand side is a good approximate of 0. The variance of @ is then
approximated by

d d—-1 d
Vil xS A 23 S fhiwens | = (VTS @
=1 =1 j=i+1

where aiz is the variance of X, 0, ; is the covariance of X; and X;, V f is the gradient of f and X is
the corresponding covariance matrix.

B.2 Variance of Weighted Estimators

We estimate the variance of weighted estimators by @). Define 0 = f(pz, pty) = %, where

po = E[X] and p1,, = E[Y], then f, = — %, f, = ;. If we define 07 = V[X], o5 = V[Y], and
02,y = Cov[X, Y], V[6] is approximated by
. 1 [ plo?2 o2 2,0
0 = = y'z | Yy AHyTazy
vel=5 ( IR 1
1 0?02 + 05 — 200, ,
o I
10707 + 0y — 200, + (ny — Opz)?
- n 12
_ 1E[0*X? +E[Y?] - 2E[0XY]
o n I
1E[(AX —Y)?
_ 1E[( - Iy (25)
n It

B.3 Covariance of Weighted Estimators

To estimate the covariance, we define 61 = f (i, fy,) = % and 0y = f (ks fys) = 3 22 The

corresponding expectations, variances and covariances are represented by fiz, fly, > fass Hys 02.1,
002 Ooys Oy ogs Oy yns Oy ogs Oy o~ ThE cOVariance approximation Covl, 6] is
COU[é],éQ] _ l <uy1/’;?jzazﬂvl7$2 o /uy120—$17y2 - /J’y20y127382 + Oy1,y2 )
n /’L.rl :u/ajz /’Lzl M-T/Q /’LI1 :u/ajz /’Lan ,umz
— l 6192UI1,ZE2 — 910331;1/2 — 920@/1@2 t 0y
n :u’w1 /141-2
_ l ‘9192011,12 — 010’I1-,y2 B 920’2/1@2 + Oy1,y2 + (,uy1 - 91/‘11)(/@2 - 92//‘12)
n Py Moo
_ EE[9192X1X2] —E[01 X1Y3] — E[0Y1 X5] + E[Y1Y5]
n /*Ll‘l :u’wz
1E[(6: X1 — Y1)(02X5 — Y5
_ LE[(0:X1 - Y1)(0: X2~ Ya)]. 6
n Mﬂn :u-Tz

11



357 B.4 Variance of Summation of Weighted Estimators

38 We use the formulas in and to derive the variance of summation of weighted estimators.

T
350 Define 0 = gLy, Ly, Bass Hyss s Mg Hyr) = Do 0t Zt 04 “yt , where p,, = E[X}] and
360 [y, = E[Y}]. Then

Zwet +22 Z Covlfy,0,

t=0 7=t+1
1 (ZTJ E[(6: X, ~ ¥1)*] 2Tf ET: E[(6:X: — Y;)(0,Y; — XT)]>
" \i=o Mmt t=0 T7=t+1 Ha, Har
T
1 0: Xt —Y:
=—E |( ). 27
ss1 If we add the subscript ¢ to the formula, the formula would be
T
- 1 0;4 Xt —Y;
VIV~ B Q) = ’ﬂ : (28)
¢ t=0 Tit

32 If we use the samples X; ; ; and Y; ; ; to estimate V[Vi], the estimated variance would be

2
Var; = 22(2 i GMX’?’)

t=0 nT k 1Xi,k,t

T N 2
= Z <Z Zigt = it it Hiin’j’f> . 29)
S X

j=1 \t=0 ikt

363  We now show that n; x Var; is strongly consistent. It is derived as

. 2
=00 X0
ni*Vari:—E: 2: Yijt ,,LAW’
Xikt

t=0 n,; k=1

ng e ~ >
_ 1 Z Z Z Vigi = 0:4Xijo Yigr = 0::Xi s
- 771 % l n; %
Xz k,t Xz k,T

jlt 07’01’1, ni k=1

" Y;]f 911‘X13f)( 1,5,T 01TX’L]T)

>y aznl Ty X

t=0 7=0 kllkt

ik, T

9 z,t91,7' i %
Z Yz‘,j,tYi.j D DD CRTS

Sy il s M
L = ey Xikot - L = > hey Xik,r

0; Oi,r % ¥%
YR ,J;tYJ Loy 1 X Vi 30
E Zk:l ikt " E Zk:l i,k,r

ss4 Therefore, n; * Var; is strongly consistent for

Z EY; Yi ]+ 0;:0; ;E[X; : X 7] — 0; B[ X, Y; 7] — 0; ;E[X; - Y 4]
0 Mo Mz,

gl E YviAt*Gtizt GZTXZT
-y (Y5, )(Yi )]

+=0 7=0 M‘Ti.tﬂmi,T
T
Yir — 0 X,
—E (Z wy . (31)
t=0 Hai,

12



365

366
367

368

369
370

371

372

373

374

375

376

B.5 Covariance of Summation of two Weighted Estimators

Similarly, we can estimate the covariance of 91 and 92, where él estimates 67 =
Ha Mz Ha Mz
g(ﬂwlvﬂzlyﬂupﬂzl) = ”wll + ot and 0 estimates 0y = G(Hws s Pags Poysy Hzy) = Twz ﬁ
Define 911 = — 912 = 921 = 922 = —=, then
y2

CO’U[él, ég] = COU[éll, égl] + CO’U[éll, 922] + COU[élg, égﬂ + CO’U[élg, égg]

_ E(E[(anl = X1) (021 W2 — X5)] n E[(01: W1 — X1)(022Y2 — Z5)] n

n Nwlﬂwg Nwlﬂyz
E[(612Y1 — Z1)(021 W2 — X5))] n E[(612Y1 — Z1)(622Y2 — Zz)])
Heyy s Heyy Fyso
1 011 W7 — X 012Y1 — Z1 . 09; W5 — X 022Y> — Z.
_1g {( 11W1 1 beh 1)( 21 Wa 2 0nYs 2)} 32)
n Hoawy Hyy Hws ey

If we add the subscript ¢, replace the subscript of 1 by ¢; and 2 by ¢, and let 011 = v; 4,, 012 = wi ¢,
021 = Vi t,, 022 = w; 1,, then

CovlVi iy, Vis,]

_ iE (l/i»tl m7t1 — Xiil + wi,th,tl - Ziil )(V’L}Q Wiﬂ‘a - Xi,tz + wi,t2E1t2 - Zi,tz)
n; Hw; ¢, Hy; 4, Hw; 1y Hys ey
(33)
If we use samples to estimate the covariance, the estimator will be
ni > A 2 5 ~ ",
Cov: _ Xivj1tl - Vi7t1Wi7j=t1 + Z; i,J,t1 wl t1Y 4,7t
OVj ty,ty = ", W
j=1 k=1 "Vik,t1 Zk 1 Yikts
X t lA/tW“tf Z"t —(Z}tY o

,9,t2 2,t2 "V 1,7,t2 4 2,7,t2 i,t2 1,7t . (34)

Zk 1 z,k,tz Zk 1 1,k7t2

Using the same technique as we can prove that n; x C'ov; 4, +, is strongly consistent for E; ;, ;, =

E (Vi,tlwi,,f,l— ity 4 Wi 11YL tq _Zi,tl )(Vi,,t,QWz to — X, to 4 Wity Y;, to — Z;, t2)
Hw; ¢ Hy; ¢y Hw; 4, Hyi ¢,

C Formulations for the Estimators

C.1 General Formulations for the Estimators

The naive mixture estimators for the four methods are

M

Vnnrs =Y aiVisi (35)
=1
M

VNMDR = Z a;VpR.i (36)
=1
M

Vnmwis = Y oiVswis.i (37N
i—1
M

VNMWDR = Z a;VswDR,i (38)
=1

13



After taking ¢ into account, the mixture estimators for the four methods are

377
M T
Virrs = > aiiVisis (39)
i=1 t=0
M T
Vipr = Y Y isVDRit (40)
i=1 t=0
M T
Viwrs = 3 Y aidVswrs,i (41
i=1 t=0
M T
Viwpr =YY i Vewprit (42)
i=1 t=0
a7s  After splitting the control variates from DR and SWDR, the a8 mixture estimators are
M T
Vumpr = Z Z(ai,tVIS,i,t + Bi+WbR,it) (43)
i=1 t=0
M T
VMwbDRr = Z Z(ai,tVSWIS,i,t + B tWswbDr,it) (44)
i=1 t=0
379 C.2 Components of the Estimators

ss0 The sub-estimators in Appendix [C.T are listed below:

Method Target Formulation
IS Vis.i Y 0 Y PigaTi g
IS Vis,it e Y Pig T
DR \A/DRJ ni Z?’Zl ZtT:O ~t (pi,j,tqf/(si,j,t) + pije(rige — Q(Si,j,ta ai,j,t)))
DR VDRM ni Z?;l t pi,j,tflf/(si,j,t) + pi g (rige — Q(Si,j,ta ai,j,t)))
DR WDR,i,t % Z?=1 7t (Pi,j,t—1‘7(5i,j,t) - Pi,j,t@(si,j,m i jt)
SWIS }A/SWIS,i Yt Zfzo Vi Tt
SWIS Vewrs,it 2?21 Youi g7 ot
SWDR VSWDR,i Z?;l Ztho 7t (ui,j,tflv(si,j,t) + g e (i — Q(Si,j,h ai,j,t)))
SWDR VSWDR,i,t Z;-il ok (ui,j,tflf/(si,j,t) + i g (rige — Q(Si,j,t7 ai,jﬂf)))
SWDR WSWDR,i,t Z?; o (Ui,j,t—1‘7(8i,j,t) - Ui,j,tQA(Si,jyta ai,ji))

Table 2: Formulas for the components of the estimators.

sst C.3 Variance / Covariance Estimators for the Components

ss2  We can directly estimate the variances / covariances of components of IS and DR. In addition, with
ss3  the formulas in Appendix [B.4]and [B.5] we can obtain the variance / covariance estimators for the

components of SWIS and SWDR.

384
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385 For naive mixture estimators, we need to estimate V[\7157Z-], V[VD Rl V[VSW 1s,:] and V[VSW DR,i)-
sss They are formulated as

n; T 2 1 n; T 2
nzV[‘/IS,'L] (Z ’Yt Pi,5,tTi,5, t) - - Z Y Pi,g,tTi,5,t (45)
_7:1 t=0 ]:1 t=0
ng T 2
~ 1 : ~ ~
niV[Vpral = <27 (Pi,j,tfl Vi(sijt) + pije(rije — Qs amt))))
v j=1 \t=0

. 2
1 . .
- (n th (pi,j,t—lv(si,j,t) + pigi(rige — Qi ai,j,t))) (46)
- 2
Zui,j,t ('YtTi,j,t - ézt)) (47)

V[Vswrs.il =~ ni

niV[VSWDR,i] ~n;

j=1 \ t=0
T 2
Y ~
+ E Ui jt—1 (7 V(sijt) — wi,t) ) (48)
t=0
) _ n; t ” _ g t 9 A~ _
se7 where 0, = > 00 Y'uijarige Ve = 351 Y Ui (Tz‘,ayt*Q(Si,jmai,j,t)) and Wy =

388 Z;’L;l vtui_,j_,t_ﬂA/(si,j,t).

sse  For mixture estimators, we will need to estimate Cov[Vig+,, Visit,], Cov[VDR,it:, VDR i ts)»
300 Cov[Vewrs.it, Vswis,it,] and Cov[Vswpr.it,, VswDR,it,)- Their formulations are

n;
) . 7 ~ tittz . - .

nlCOU[VISmtl?VISJ,tz] ~ 77 E v Pig,t1 PigtaTi,5,61T4,5,t2
7 =1

ng n;g

1 & 1 «—

ty . _ ta -
TTE :7 Pijit1 75,60 n E VPGt TGt (49)
=1 =1

. . 1 & . .
niCov[Voriit, VDRl & > (th (PmtlflV(Si,ml) + Pt (Tigia, — Q(Sz‘,j,tnai,j,tl))))
T ]:1
* (Wh (Pi,j,tz—lV(Si,j.,tz) + Pijita (Tigts — Q(si,j7t27ai7j,t2))))

1 & . .
o > <Pi,j,t1—1V($i,j,t1) + Pigir (Tigty — Q(Si gty Wity )))
3 le

1 & . .
- E i (Pi,j,tz—lV(Si,j,tz) + Pigits (Tijits — Q(Sz‘,j,tmai,j,tg)))
1 ]:1

(50)

ng
. . N . . . .
n;Cov[Vswrs ity > Vswrs,its) &= N E U gty Ui, j,t (7 YTt — 9i,t1) (7 2T jite — 9i,t2)
=1

61V}
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391
n;
A A ~ t bay A
1n;CovVswDR.it1: VSWDR, i ta) = Ni E Wi gty (7 1 (rw-,tl — Q(si,jytl,ai,j,tl)) — zxi,tl)
i=1

t1 17 -~
+”%mh—1<W1V(&J¢J'—wLm)
ta Y. . . 5
* | Uit (’Y (Ti,j’tz - Q(SZ,J,twal,J,tQ)) - Vl,tz)
tat) ~
+ Ui gta—1 (7 2V (8igita) — wi,m) (52)

se2  For a8 mixture estimators, we need to estimate Cov[VIs it1s WoR.i )]s CoUWDR.i 41, WDR. 1)
393 Cov[VgW[smtl , WSWDB,LQ] and Cov[WSWDRJ’t1 , WSWDR,MQ] They can be approximated by

n;

. . 1 R
~ t1+t
niCov[Vis,it,s WDR,it.] = E YA Pign it (Pm ta—1V (Sigita) = Pirgita@(Sijita ai,j,tz))
] 1

s
1 «— 4
- 75 :'Y Pi,g,t1Ti,5,61
n; <
Jj=1

1 &
ta . (. . P Y. . L
* TT E Y (p%Ltz*lV(Sly]h) pZ,Jﬂsz(Sld,tz?ald,h))
1 .
=

(33)

. . 1 X R

niCov[Wpriit, Wor,ite] = e D e (Pz‘,j,tlflV(Si,j,tl) = Pits Q(Si gt s ity ))
1 .

Jj=1

* (Pi,j,ter(Si,j,tz) = Pijit2Q(Si .2 ai,j,tz))

1
t1 . Y .. — s Y. . L
e E v (Pm,trlv(slmtl) Pz,J,tlQ(Sw,tnamﬂfl))
1 .
Jj=1

1 . .

— > 4" <pi,j,tz—lv($i,j,tz) —Pi,j,tzQ(Si,j,tz»az:j,tz))
1 .
j=1

(54)
Uz
n;Cov[Vawrs,it,s WswDR,it,] & 1 Z Ui jity (thh‘,j,tl - 9i,t1)
i=1
* (Uz‘,j,tz—l (Vtzv(sz',j,tz) - ¢i,t2) — Uit (Vt"’Q(Si,j,tzv Qijits) — wz,tz))
(55)
n;
TliOOU[WSWDR,i,tl 5 WSWDR,i,tg] ~ Nn; Z (um"tl,l (’yt1V(Si’j7tl) — ¢i,t1) — U5t (’ytlQ(Si7j7t1 5 ai,jytl) — 'g[)i’tl))
j=1
* (uz‘,j,trl (VtzV(Si,j,tz) - ¢i,t2) — Uit (Vt2Q(5i,j,tza Qijts) — %tz))
(56)

304 where ¢y = D01 w0V (si50) and g = 300 Y U4 5,0 Q (4,05 @i gt)-

395 Note that all of the above estimators multiplied by n; are strongly consistent for some value. Therefore,
396 we can easily show that the three mixture estimators are all strongly consistent for V.
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D Experiment Details

D.1 Environmental Settings

In this section, there are no random variables so we use bold letters to denote vectors.

In the recommendation environment, we first define the number of topics 7" = 100. 1000 documents
are generated and each is observed by a T" dimension vector. Each document should reflect whether it
is related to each topic and each user should indicate the preference of each topic. For the topics, we
generate an abundance vector A = [A;, Ay, ..., A7|T and a quality vector Q = [Q1, Qs, ..., Q7]T.

The abundance vector satisfies ZiT:1 A; = land Vi, A; > 0. When we generate a relevant topic
for a document, the abundance vector specifies the probability of generating each topic. The quality
vector satisfies Vi, 0 < @; < 1, indicating the original quality of each topic.

For each document, we define relevance vector ; € {0,1}7 and quality ¢;. When the document
sampler is generating the i-th document, it will first generate three topics ¢, t2 and t3 (repeatable) by
A, and set the t;-th, to-th and ¢3-th dimensions of 7; to 1 while setting the other dimensions to 0.
The quality is calculated by ¢; = (Q”r; + U)/2, where U is generated uniformly from [0, 1]. To
simulate the real environment, only 7; of each document can be observed.

At each time, the hidden state consists of

e user id ¢, indicating the current user;
e interest /, determining the satisfaction of the user;
e satisfaction s, influencing the reward of policy;

e document vector d, the relevance vector of the current document.

We generated 5 preference vectors p; € [—1,1]7. Each of them represents one user. When the user
sampler generates the initial state, it randomly pick one from the 5 users, generate an initial interest
1, and set the satisfaction by s = ﬁ The initial document vector is set as [1,1,...,1]7. To
simulate the real environment, only ¢ and d can be observed by the agent.

Now we define the reward function and the state transition function. Suppose we recommend
the j-th document to the i-th user. We define the liking of the user to the document by I; ; =
@7 (rj o p; o (d+0.5)/2), where o is element-wise multiplication. This formula indicates the

expectation of the user about the next document. It should be close to his or her preference as well as
lij

T+,

. If the user takes the document, we will calculate its engagement time by ¢; ; ~ A(g;,0.1?)

the current document. The probability of taking the document is

1
1+l'i~.7
and produce the reward of s * e'ii. The reward depends on the quality of the document as well as the
user satisfaction.

while the probability of leaving

is

After the choice of user, the state vector will change. The interest will be updated by I’ = 0.91 +
pl'r; +V, where V ~ N(0,0.1%). Meanwhile, the document vector is updated by d, = ;. Note

we also need to update the interest by s’ = Tlosl,

D.2 Implementation of REINFORCE

In the above environment, at each step, the agent needs to propose a document only with ¢, d and
document list [rq, 72, ..., 7 p]. We can train a policy network to represent the policy 7 (a|s). However,
when the list is long(action space is large), it is hard to directly output the policy 7 (a|s) from neural
networks. To exploit the structure of documents, we reduce the output of the policy network to a
T dimension vector y and compute the policy by 7(a;|s) o yTr;. This not only solves the above

problem but also reduces the time complexity of sampling. We initialize b; = Z;:l T;. When

sampling, we can generate a number ¢ from [0, 1] and use binary search to find the smallest k
satisfying y” by, > c. The k-th document would then be the sampled document. The time complexity
is O(TlogD), which is useful when the document list is long.
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Figure 2: Distribution of length of data. Figure 3: MSE of the methods with different T.

D.3 Implementation of OPE Algorithms

In the same environment, we train 100 different REINFORCE policies p1, p2, ..., p10o- Each policy
collects 1000000 offline data, with the i-th defined by DAT A;. In our experiments, the poli-
cies are set up as target policy and behavior policies in turn. Specifically, for the i-th experi-
ment, we set the target policy as p; and use DAT A; to estimate the true mean reward ;. The
behavior policies are set as Vj € {1,2,...M} m; = P(i+j—-1)%100+1 and the offline data are

(DATAiy1, DAT Aiyo, ..., DAT A(; j—1)%100+1)- With the settings, the i-th evaluation result is 0;

and the squared error is computed by (éz — 0;)%. We use the first 50 experiments as validation set to
tune parameters and the last 50 experiments as test set to report the results.

We trained DM with 10000 data. The reward function E[R(s, a)] is approximated by Bayesian Ridge
Regressor [19]. The transition function P(+|s, a) is approximated by neural network. The network
consists of 2 fully connected layers with 512 units and an output layer with 2 units. The hidden layers
are activated by relu and the last layer is activated by softmax. We minimize the cross entropy loss
function with Adam optimizer [12]. The batch size is 32 and we train for 600 epochs. For the first
300 epochs the learning rate is set as 0.0001. For the last 300 epochs the learning rate is 0.00001.
After approximating the environment functions, we iterate by formula (I) for 20 times and get the

estimated value functions Q(s, a) and V (s).

To reduce the variance of the methods we clip the importance ratios. For IS based meth-
ods we replace p; ;+ by pi ;¢ = min(p; ;+,2000). For DR based methods we make V; ;; =

m(@ig.e|sige

o (W,j,t—lm(”%t — Q(8ij.4>ai 1)) + Pigi—1V (sij.1)). Note that clipping introduces
additional bias. So our methods can be further improved by considering the bias.

D.4 Tuning of Hyperparameter T

In mixture estimators and o3 mixture estimators, we choose a hyper-parameter 7', mix the values
from O to T and simply add up the remains. This is because the length of data from each behavior
policy is random, as Figure[2| When ¢ is large, the reward decreases exponentially and the variances
and covariances about ‘A/m also decreases, making the matrixes nearly singular. Such problem leads to
the phenomenon in Figure[3] Numerical results can be found in Appendix [E.I| When T is small, the
MSE decreases as T increases because more values are mixed. When T is large, the MSE increases
as T increases because of the amplification of error from ill covariance matrixes. By Figure[3] we set
T=4 for MIS, MWIS, o3 MDR and o3 MWDR and set T=5 for MDR and MWDR.
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E Numerical Results

E.1 MSE of different methods with different T

T MIS MWIS MDR MWDR «afSMDR «f MWDR
1 0.00203  0.001679  0.00091  0.000734 0.000893 0.000726
2 0.002079 0.001721 0.000898 0.000736 0.000886 0.000732
3 0.001952 0.001613 0.000861 0.000699 0.000888 0.000735
4 0.001833 0.001497 0.000673 0.000553 0.000785 0.00066
474 5 0.001896 0.001522 0.000605 0.000491 0.001029 0.000868
6 0.001987 0.001584 0.000658 0.000522 0.001155 0.000989
7 0.002113 0.001684 0.000686 0.000551 0.001838 0.001798
8 0.002308 0.001855 0.000714 0.000576 0.002552 0.002383
9 0.002646 0.002166 0.000818 0.000695 0.002957 0.002891
10 0.004009 0.003332 0.000778  0.00066 0.003941 0.003869
475 E.2 MSE of different methods with different M
M 1 2 3 4 5
IS 0.001877 0.001703 0.001544 0.001515 0.001344
WIS 0.001525 0.001351 0.00123  0.001217 0.001075
SWIS 0.001525 0.001367 0.001252 0.001241 0.001099
NMIS 0.001942 0.001435 0.001289 0.001158 0.001017
NMWIS 0.001576 0.001139 0.001041 0.000953 0.000836
MIS 0.001907 0.001452 0.001394 0.0013 0.001126
MWIS 0.001533 0.001152 0.001126 0.001075 0.000928
476 DR 0.00082  0.000455 0.000309 0.000381 0.000377
WDR 0.000675 0.000357 0.000235 0.0003 0.000301
SWDR 0.000675 0.000352 0.000235 0.0003 0.000299
NMDR 0.000968 0.000422 0.000284 0.0004 0.000395
NMWDR  0.000883 0.000375 0.000253 0.000337 0.000333
MDR 0.000861 0.000398 0.000294 0.000264 0.000311
MWDR 0.000776  0.000334 0.000247  0.00021  0.000245
afSMDR  0.001017 0.000469  0.00041  0.000408 0.000371
aSMWDR 0.000911 0.000394 0.000349 0.000344 0.000317
477 E.3 MSE and condition number of different methods
Method MSE Cond Number
IS 0.0013444257969445908 /
WIS 0.0010745378682455794 /
SWIS 0.001099086646547933 /
NMIS 0.0010165986763763788 /
NMWIS 0.0008363384188827019 /
MIS 0.0011259428162672161 15.233859883668414
MWIS 0.0009282956141402447 17.60016020307187
478 DR 0.00037712737924285305 /
WDR 0.0003011794977270172 /
SWDR 0.00029893021636011546 /
NMDR 0.0003947548680215243 /
NMWDR  0.00033273193073131153 /
MDR 0.0003109721026979073  51.790423695019456
MWDR 0.0002449612080194226 74.18300868487523
afSMDR  0.00037141793259772417 320.712344891526
aSMWDR  0.0003171837312053011 337.9175903029748
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