Appendix

A Technical lemmas

Lemma A.1 (Multiplicative Chernoff bound Chernoff et al. (1952)). Let X be a Binomial random
variable with parameter p, n. For any § > 0, we have that

e~ ? e

A slightly looser bound that suffices for our propose:

(52pn

PX <(1-9)pn]<e 2

Lemma A.2 (Hoeffding’s Inequality Sridharan (2002)). Let x4, ..., x, be independent bounded
random variables such that E[x;] = 0 and |z;| < & with probability 1. Then for any € > 0 we have

2n2e2
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Lemma A.3 (Bernstein’s Inequality). Let x1, ..., x,, be independent bounded random variables such
that Elz;] = 0 and |z;| < & with probability 1. Let 0 = 137" | Var[z;], then with probability

1 — 6 we have
1 & 202 -log(1/6) = 2¢
- i <\ ———12 4+ > log(l/8
2 2o < S lost1/

Lemma A.4 (Mcdiarmid’s Inequality (Sridharan, 2002)). Let x1, ..., z, be independent random
variables and S : X™ — R be a measurable function which is invariant under permutation and let
the random variable Z be given by Z = S(x1,x2, ..., T, ). Assume S has bounded difference: i.e.

sup  |S(z1, ey iy ooy @) — S(T1y ey Ty oy )| < &,

’
L1y Tm, Ty

then for any € > 0 we have
2

___2e%
P(|Z —E[Z]| > €) < 2¢ Zii€,

Lemma A.5 (Azuma-Hoeffding inequality). Suppose Xy, k = 1,2,3, ... is a martingale and | X, —
Xy—1| < ¢k almost surely. Then for all positive integers N and any ¢ > 0,

E2
P(| Xy — Xo| > €) < 2e 25007,

Lemma A.6 (Freedman’s inequality Tropp et al. (2011)). Let X be the martingale associated
with a filter F (ie. X; = E[X|F]) satisfying | X; — X;—1] < M fori = 1,...,n. Denote
W= Y"1 | Var(X;|F;_1) then we have

2

P(IX —E[X]| > ¢, W < 0?) < 2¢ 770079,

Or in other words, with probability 1 — 6,
2M 9
X —E[X]| < 802~10g(1/5)+T-10g(1/5)7 Oor W >o°.

Lemma A.7 (Best arm identification lower bound Krishnamurthy et al. (2016)). For any A > 2 and

7 < \/1/8 and any best arm identification algorithm that produces an estimate G, there exists a
multi-arm bandit problem for which the best arm a* is T better than all others, but Pla # a*] > 1/3

. A
unless the number of samples T' is at least = .
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B On error metric for OPE

In this section, we discuss the metric considered in this work. Traditionally, most works directly use
Mean Square Error (MSE) E[(0™ — v™)?] as the criterion for measuring OPE methods e.g. Thomas
& Brunskill (2016); Thomas (2015); Thomas et al. (2017); Farajtabar et al. (2018), or equivalently,
by proposing unbiased estimators and discussing its variance e.g. Jiang & Li (2016). Alternately, one
can consider bounding the absolute difference between v™ and ¥™ with high probability (e.g. Duan
et al. (2020)), i.e. |[0™ — v™| < €prob W.h.p. Generally speaking, high probability bound can be seen
as a stricter criterion compared to MSE since

E[(5™ — v™)?] = E[(7" — v™)?15] + E[(7™ — v™)?1 5]
< 6prob((S)2 ' (1 - 6) + H2 : (5,

where FE is the event that ep,1, error holds and 4 is the failure probability. As a result, if both ¢ and
€prob () can be controlled small, then the high probability bound implies a result for MSE bound.
This is realistic, since 6 mostly appears inside the logarithmic term of €01, (8) so the second term
can be scaled to sufficiently small without affecting the polynomial dependence for the first term.

Table 2: Summary of Uniform OPE results for H-horizon non-stationary setting

Method/Analysis Policy class Guarantee Sample complexity
Simulation Lemma All policies e-uniform convergence O(H*S?/d me 2)
Theorem 3.1 All policies e-uniform convergence O(H*S/d,€?)
Theorem 3.3 All deterministic policies ~ e-uniform convergence  O(H3S/d,, 52)
Theorem 3.4 local policies e-uniform convergence O(H3/d,,€?)
Minimax lower bound (Theorem 3.5) over class Mg, Q(H?/d,,€?)

C Some preparations

In this section we present some results that are critical for proving the main theorems.

Lemma C.1. Forany 0 < § < 1, there exists an absolute constant ¢y such that when total episode
n>cy-1/dy, -log(HSA/J), then with probability 1 — 6,

Nsy,ay 2>n: dl:(shat)/Qa

v St, Qt.
If state s, is not accessible, then ng, 4, = df (8¢, a;) = 0 so the lemma holds trivially.5

Proof of Lemma C.1. Define E := {3t,s;,a¢ s.t. ng, o, < ndy(s,a:)/2}. Then combining the
multiplicative Chernoff bound (Lemma A.1 in the Appendix) and a union bound over each ¢,s, and

a;, we obtain
] < Z > Plng,.a, < ndf (st ar)/2]

St Q¢

neming s, a, dt, (st,at) n-dm

= HSA- e~ 5 =4

< HSA-e~

solving this for n then provides the stated result. -

Now we define: N := miny g, 4, Ns,.q,, then above implies N > nd,, /2 (recall d,, in Assump-
tion 2.2). Now we aggregate only the first V pieces of data in each state-action (s, a;)® of off-policy
data D and they consist of a new dataset D' = {(s¢, ay, sgle, rt(z)) ci=1,..,N;t € [H];8; €
S,a; € A}, and is a subset of D. For the rest of paper, we will use either D’ or the original D to
create OPEMA o™ (only for theoretical analysis purpose). Whether D or D’ is used will be stated

clearly in each context.

>In general, non-accessible state will not affect our results so to make our presentation succinct we will not
mention non-accessible state for the rest of paper unless necessary.
®Note we can do this since by definition N < ng, o, for all s¢, a;.
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Remark C.2. Itis worth mentioning that when use D' to construct o™, n?', = N forall s¢, ay. Also,

St,at
N :=minn? _ (note n?

Se.ar is the count from D) itself is a random variable and in the extreme case

St,at
we could have N = 0 and if that happens v™ = 0 (since in that case P; = 0 and df is degenerated).
However, there is only tiny probability N will be small, as guaranteed by Lemma C.1.

We wanted to point out that this technique of dropping certain amount of data, is not uncommon
for analyzing model-based method in RL: e.g. Rmax exploration (Brafman & Tennenholtz, 2002)
for online episodic setting (see [Jiang (2018), Notes on Rmax exploration] Section 2 Algorithm for
tabular MDP. The data they use is the “known set” K with parameter m, in step3 data pairs observed
more than m times are not recorded).

C.1 Fictitious OPEMA estimator.

Similar to Xie et al. (2019); Yin & Wang (2020), we introduce an unbiased version of v™
fill in the gap at (s;,a;) where ng, o, is small. Concretely, every component in 07 is sub-

stituted by the fictitious counterpart, i.e. V™ := ZtH: 1(3? JFT), with df = Prdr_, and
Pl (selse-1) = X2, , Pe(st|si—1,ai—1)m(at—1|s¢—1). In particular, consider the high probabil-
ity event in Lemma C.1, i.e. let E; denotes the event {ns, o, > nd} (s¢, a;)/2}, then we define
T1(st,ar) = Ti(se, a)1(Ey) + (8¢, a) L(EY)
Pri1(-|se ar) = Peya (e, a)1(Er) + Pega(-]se, ae) 1(E).

Similarly, for the OPEMA estimator uses data D’, the fictitious estimator is set to be
?t(sta at) = ﬂ(St, (Zt)]_(E) —+ T't(St, at)l(EC)

Prya(ls,ar) = Prya (se, an) 1(E) + Prya (-|se, ar) 1(E°)
where F denote the event {N > nd,,/2}.
U™ creates a bridge between v™ and v™ because of its unbiasedness and it is also bounded by H

(see Lemma B.3 and Lemma B.5 in Yin & Wang (2020) for those preliminary results). Also, v™ is
identical to v™ with high probability, as stated by the following lemma.

Lemma C.3. Forany 0 < § < 1, there exists an absolute constant ¢y such that when total episode
n > c1dy, - log(HSA/d), then with probability 1 — 6,

sup [07 — U
mell

Proof. This Lemma is a direct corollary of Lemma C.1 by considering the event E; :=
{3t, st,ar st ng, o, < ndy(s¢,at)/2} or {N < nd,,/2} since 0™ and 0™ are identical on E{.  w

Note 9™ and ¥™ even equal to each other uniformly over all 7 in IT. This is not surprising since only
logging policy p will decide if they are equal or not. This lemma shows how close v™ and v™ are.
Therefore in the following it suffices to consider the uniform convergence of sup, o7 [07 — v™|.

Next by using a fictitious analogy of state-action expression as in equation (1), we have:

H
sup [v" —v™| = sup | d Tt (df ;1)
mell well ; t ; t
H o H H
= sup | Z 7,7 Z(df,?ﬂ + Z dr,re) Z dy,re)l 3
mell 5 =1 =1 =1 )
H
gsug|z dr — dt,rt|+sup|z A7 T — 1)
S

t=1

() (%)

"More rigorously, F; depends on the specific pair s;, a; and should be written as E (s, a.). However, for
brevity we just use F; and this notation should be clear in each context.
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We first deal with (xx) by the following lemma.
Lemma C.4. We have with probability 1 — §:
H

SUp|Z<¢Z§T»7t — )] < O(

mell 4

H?log(HSA/d)
n-dpy,

)

Proof of Lemma C.4. Since [{(dF, 7 — )| < ||d7||1 - |[7¢ — 7¢|| o0, We obtain

H H H
D AdE e =1l < YNl 7 =il = D N7 = relloo
t=1 t=1 t=1

where we used CZTJ (+) is a probability distribution. Therefore above expression further indicates
SUP e | Zil df,re —r)| < Zil ||7t — 7¢||oo- Now by a union bound and Hoeffding inequality
(Lemma A.2),

]P’(sgp (|7t — rt] o > €) = ]P’(tsup [T (8¢, at) — re(se, ar)| > €)
3St,at

< HSA- P(|Ft(st,at) — Tt<8t,at)| > 6)
=HSA- P(|?t(st,at) — ’I“t(St,at)“l(Et) > 6)

< 2HSA-E[E[e " |E]

0
< 2HSA-E[E[e"" || = 2HSA - e~ = 2
where we use P(A) = E[1 4] = E[E[1 4|X]]. Solving for ¢, then it follows:

H H
~ ~ H2log(HSA/S
sup | Y (0772 = )| < 3 7 = el < 0 [ FEEERL,
” t=1 t=1 m

with probability 1 — §. The case for E = {N > nd,,/2} can be proved easily in a similar way.

Note that in order to measure the randomness in reward, sample complexity n only has dependence
of order H?, this result implies random reward will only cause error of lower order dependence in H.
Therefore, in many RL literature deterministic reward is directly assumed. Next we consider (x) in
(3) by decomposing Zf{: {df — df ,r) into a martingale type representation. This is the key for our
proof since with it we can use either uniform concentration inequalities or martingale concentration
inequalities to prove efficiency.

C.2 Decomposition of Zfl: 1(512’ —df,re)

Let df € RS denote the marginal state-action probability vector, 7, € R(S“4)*S is the policy
matrix with (7¢) (s, .a,),s, = Te(at|s¢) and (7¢)(s,,a,),s = 0 for s # s;. Moreover, let state-action

transition matrix 7; € R5*(5°4) (o be (T4)s,,(st—1,a01) = Pe(s¢|st—1,a:—1), then we have

dy = mTyd]_, “4)
di =m/Tid]_ ;. (5)
Therefore we have
df —df = m(T, — T)d}_y + mTy(df_, —df_,) (6)
recursively apply this formula, we have
~ t ~ ~ ~
di —df = Tpyramn(Th — Th)dp_y + T1a(df — df) 7

h=2

where I';,.; = Hizh moTy and Tyqq. := 1. Now let X = Zfil(rt,cﬁr — d7), then we have the
following:
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Theorem C.5 (martingale decomposition of X). We have:

H

X =D (Vi (), (Tn = Tu)di_y)(s)) + (V7 (s), (df = df)(s)),

h=2

where the inner product is taken w.r.t states.

Proof of Theorem C.5. By applying (7) and the change of summation, we have

X

OB

<Z<Tt7rh+1tﬂh(T Tp)dy_y) + (re, Dro(df —d”))>

+ Ttyrlt(d —dﬂ-)>

Mm

Z 7, Doy e (Th — T dh 1

o~
Il

1

>
Il

1

Mm

Tt7F1 t(d - dﬂ»

I
M=

~
U

2 \h=2

>
Il

1

(T TTre) (), (d7 — d7)(s))

Mm

: )
(i (re, Dgreemn (Th — Th)dp ) n
2 )

I
i M::

H
> (re, Thgrama( Ty — Th)dy ) | +
—h

>
Il

1

H H
= Z ZWh Fh+1 ¢ty (Th = Tn) dh 1) ZW,{PI i7e)( (dﬂ di)(s))

h=2 h=1
Vir(s) Vit (s)

D Proof of uniform convergence in OPE with full policies using standard
uniform concentration tools: Theorem 3.1

As a reminder for the reader, the OPEMA estimator used i in this section is with data subset D’. Also,
by Lemma C.4 we only need to consider sup, <y | Zt 1( —d7, Tt>|

Theorem D.1. There exists an absolute constant c such that ifn > c - log(H SA/0), then with
probability 1 — §, we have:

Proof of Theorem D.1. Note in data D’ = {(st,at,sgl) ci=1,.,.N;t=1,...H;s; € S,a; €
A}8, not only 5£21 but also N are random variables.

We first conditional on N, then (s, ay, sgﬂzl)’s are independent samples for all 7, s;, a; since any
sample will not contain information about other samples. Therefore we can regroup D’ into N inde-
pendent samples with D’ = {X @ : 4 =1,..., N} where X(*) = {(st,ahsgf&l),t =1,...,H;s €

S, a; € A}. Now for any io, change X () to X'(0) = {(s;, ay, s;(jol)),t =1,...H;s; € S,a; € A}
and keep the rest V — 1 data the same, use this data to create new estimator with state-action transition

H

sup E
mell =1

H

sup E
mell =1

H*4log(HSA/S)

o (df — d )

(dr —d7,r)| < Of )+ E

)

8Here we do not include r(l since the quantity sup, <y | i, (dF — dF ,r.)| only contains the mean reward

function 7;.
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d 7, then we have

H H
sup | S0 dF )|~ s ST — )
well =1 Tell

H H

< sup \Z(d“—d?,rt Z (dm —dT 7))
well =1 t=1

H H

< sup Z( ) Z al'7r dy,re)
el |33 t=1

H o~ o~

= sup dr —d™,ry
o S 7.0
H ~ ~ ~ ~ ~ ~ o~
= sup | Y (V™ (T — Th)di ) + (V™ df — di7)|
w€ll h=2

where the last equation comes from the trick that substitutes df by (Z’T in Theorem C.5. By definition,
the above equals to

H ~ ~
Z 7 Th - Th) > <V1/7r, d? - d/lﬂ-> ’

h=2

=sup 1(E)

mwell

H
< sup (Z (T = T3 Vi el 7 |1 + | (V™ dF —d’l”>|> 1(E)
e

mell

H
<sup (Z (Th = T})" ”Tlloo+|<V1'“,d’fdﬁ“)l)'ﬂ(E)

Note the change of a single X (“) will only change two entries of each row of (TA“;L ~-T )T by 1/N
since with data D’, ng, o, = N for all s, a;. Or in other words, given E,

0 .. 0 % 0 .. —% .. 0

T _ T 0 % 0 .. —% .. 0
Th’ 7Th T ’

- 0 .0 . 0 . %

where the locations of 1/N, —1/N in each row are random as it depends on how different is X"(?0)
from X ("), However, based on this fact, it is enough for us to guarantee

2H-h+1)<2H

N (
and same result holds for [(V/™,d] — d{")| < 2H/N given N.

~ s 2~ 2
T_T/ Tv/woo<7v/7roo “
1= B0 < 57 < 2

Combine all the results above, for a single change of X (%) we have

~ H? H?
su d’r dy,r)| — su (di" —df,r)|| <2—1(F) < 2—
ﬂeg|; to Tt p|z tore) N (E) < N
for any fixed N. If we let Z = S(XV] ...,X(N)) = SUP,cr | Ztﬂ([ivf —dT,re)],
N by independence and above bounded difference condition we can apply Mcdiarmid inequality
Lemma A.4 (where £; = 2H?/N) to obtain

2
P(1Z ~ E[Z)] > c|N) < 273t = ) ®
Now note when n > O(ﬁ -log(HSA/d)), by Lemma C.1 we can obtain N > nd,,/2 with
probability 1 — 4/2, combining this result and solving ¢ in (8), we have
) ]

p > (df —df.r)

mell =1

H
~ H4log(HSA/S
S (@5 —df.n)| < oy TEEEA/)

t=1

sup < O( )+E

mell
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with probability 1 — 4.

Next before bounding E [sup7T€H ‘Zi 1(3@’ —d7,r)

] , we first give a useful lemma.

Let v € (0,1) to be any threshold parameter. Then we first have the following lemma:

Lemma D.2. Recall by definition P (Sp,|Sh—1,an-1) = Th(Sh,|Sh—1,an—1). It holds that with
probability 1 — ¢, for all t, s, a; € [H],S, A: if Po(sp|sh—1,an—1) <, then

~vlog(HSA/S) n 2log(HSA/G)
2nd,, 3nd,, '

‘fh(5h|5h71a an—1) — Th(sn|sh—1, ahfl)‘ <

if Pn(Sh,|Sh—1,an—1) > 7, then

log(HSA/6) = 2log(HSA/S)
2ndpy,y 3ndpy,y

Th(3h|5h—1>ah—1) — Th(sh|Sh—1,an-1)
Th(sn|sh—1,an-1)

Proof. First consider the case where Pp,(sp|sp—1,ap—1) < 7.

Nsp_1,ap—1

~ 1 i

T(snlsn-1, an—1)=Th(snlsn-1,an-1) = — > (1[52)] - Th(5h|5h—17ah—1)) L(Ep),
Sh—1,0h—1 i=1

since Var[l[s\']|sh_1,an_1] =  Pulsalsn_1,an_1)(1 — Pu(snlsn_1,an_1)) <

Pr(sn|sh—1,an—1) < , therefore by Lemma A.3,

2nd,y, 3nd,, '

nsh—laah—l nsh—hah,—l

Th($h\$h-1 an—1) — Th(snlsn—1 ah—l)‘ < 1(Ep) ( v1og(1/0) + 210g(1/6)> < 7k)g(l/(s)-leog(l/é)'

Second, when Py, (sp|$p—1,an-1) > 7.

Msp_1,ap—1 (1)

T (snlsh—1,an—1) — Tu(sn|sh—1,an_1) _ 1 Z ( 1fs;”] - 1) 1(E),

Th(snlsh-1,an—1) Nep_van1 =3 Th(snlsh-1,an—1
since
1[s5] 1 (i) 1 1
Var t Sh—1,0p-1| < Var [Il sy ‘Shflaahfl} < <-
Th(sn|sh—1,an-1) Th(Sn|Sh—1,an—1)2 5] Ty (sn|sh—1,an-1) ~— 7

1[s;”]

and since TGl 1an

y < 1/~, again be Bernstein inequality we have

log(1/6)  2log(1/0)
2ndy,y 3ndny

Th(snlsn—1,an—1) — Tn(sn|sh_1,an_1)
Th(Sh|Sh—1,an-1)

apply the union bound over ¢, s;, a; we obtain the stated result. -
. H 5% ¢ : .
Bounding E [sup7T6H ‘thl (dF —dT,re) H . First note by Theorem C.5:

E | sup Z(@—df,m)

mell =1 mell mell

H ~ ~ ~
] < 308 [sup [ (106, (B~ T2 o)+ [sup |17 (o0, — aion) .
h=2
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so it suffices to bound each E {supwen ‘(V}f (s), (T, — Th)&v’}{_l)(s)> H . First of all,

E :i‘éﬁ |ViT (s, (T - Th)cﬁifl)(s»”

=E |sup S Vil(sn)(Th — Th)(snlsn-1,an—1)dh—1(sn-1,an1)
mel ShySh—1,0h—1

<E |sup Z ViF (sn) (T — Th) (sn|sn—1, an—1)dy_1 (sh—1, an—1)| - L[Th(sn|sn-1, an—1) > ’Y]]
well

Sh>Sh—1,0h—1

well

+E |sup Z Vhﬂ(sh)(fh - Th)(8h|8h71,ah—l)ggq(sh—hahﬂ) “A[Th(sk|Sh—1,an-1) < 7]
ShsSh—1:0h—1

. o Tp — T,
=E |sup > Vil(sn)Tu(snlsn—1,an—1)dh—1(sn-1,an 1) ="

well

(5h|5h—1,ah71)
ShySh—1:@h—1

1T > 7]]

(a)

+E |sup > Vi (su)dh—1(sh-1,an—1)(Tn — Tn)(snlsn—1,an—1)
well
ShiSh—1:0h—1

“L[Th(sn|sh—1,an-1) < 7]] )

(b)

Apply Lemma D.2 with ¢’ /2 where §' = 6/ H, then

. ~ log(2HS A/ 2log(2HSA/S 5
(a) Silelg Z Vi (s1)Th(sn|sh—1,an-1)dh—1(Sh—1,an-1) < g(Qndm'y/ ) gi(’mdmfy/ )> (1 5)
ShiSh—1:0h—1
+Hd' /2
. — log(2H2SA/5) | 2log(2H?SA/S
< ilelﬁ Z Vi (s1)Th(sn|sh—1,an-1)dh—1(Sh—1,an-1) ( g(2ndm'y /) + gg’mdmfy / )> |
ShiSh—1:0h—1
+6/2
2log(H2SA/S) = 2log(2H?SA/6) log(2H2SA/8)  2log(2H?SA/5)
< H 6/2=H 6/2
- ,Srlellr)[ < 2ndmy + 3ndmy +9/ 2ndmy + 3ndmy +9/2,
rr \ow vlog(2HSA/S)  2log(2HSA/S) 5 5
(0) Silelg > Vir(sn)dh-1(sh-1,an-1) < ond.. + Snd.. A-5)+HS
ShySh—1:@h—1

<sup
mwell

2 2
s [ [110SRH?SA/S) | 2log(2H*SA/5)

5 [vlog(2H2SA/8) = 2log(2H*SA/6) J
t3= s ( 2ndy, + 3ndm Ty

Hence we have for any v,

: [i‘éﬁ V). (T Th>c7;1><s>>ﬂ

2 2 2 2
u ( log(2H2SA/5)  2log(2H SA/(S)) s \/'ylog(2H SA/S) | 210g(2HSA/9) ) | ;

2nd,,y 3nd,y 2nd,, 3nd,,
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In particular, choose ¥ = 1/5 < 1, then above becomes

. ~ ~ 2H2Slog(2H2SA/5) 4HSlog(2H?SA/6
E[sup]wh (s)7<<Th—Th>dh1><s>>\] <\/ BITSAJ0) | A5 8@HTSAD)
TEIl nam nam

Critically, above holds for any V1 > § > 0. Based on theorem conditionn > ¢-1/d,, log(HSA/0) >
c-1/ d,,’, choose § = ﬁ then above is further less equal to

s
m

nd,, 3nd,,

2H2Slog(2nH2SA) 4HSlog(2nH?SA) ¢ 2H?2Slog(2nH?SA) HSlog(2nH?SA)
nd i 3nd +nd = e

where C is a new constant absorbs 1/nd,,,. If we further reducing it to

Finally, summing over all H, and again using new constant C’ to absorb higher order term, we obtain

4
<o \/H Slog(nHSA)

nd,,

H

Z<Jf - d;ra rt>

t=1

E

sup
mell

Combing this with Theorem D.1 and Lemma C.4, we have proved Theorem 3.1.

Remark D.3. The key for proving this uniform convergence bound is that applying concentra-
tion inequality only to terms that are independent of the policies, i.e. Tp(sp|Sh—1,an—1) —
Th(Sk|Sh—1,an—1). Therefore when taking supremum over policies, high probability event holds
with same probability without decay.

E Proof of uniform convergence in OPE with deterministic policies using
martingale concentration inequalities: Theorem 3.3

A reminder that all results in this section use data D for OPEMA estimator ™.

E.1 Martingale concentration result on Zf: 1 (dF —dF ).

Let X = Zil(cﬁr —df,ry) and Dy, := {sgi), agi) :t=1,..,h}" . Since Dy, forms a filtration,
then by law of total expectation we have X; = E[X|D;] is martingale. Moreover, we have

Lemma E.1.
t
Xy = E[X[D] = > (Vir, (T = T)diy) + (Vi df — d).
h=2

Proof of Lemma E.I. By martingale decomposition Theorem C.5 and note 7}, gf are measurable
w.r.t. Dy fori =1,...,t, so we have

H t
EIXID] = > B[V (T = Tdi_)[Pe] + Y0, (T = Tdiy) + (0, (dF - di)).
h=t+1 h=2

Note for h > t + 1, D; C Dj,_1, so by total law of expectation (tower property) we have
E [<sz77 (Th — Th)JZ—ﬁ‘Dt}
—E [E [(Vir, (Th - T)di_)|[ D] 1]
—E [(Vir B [(Th — T)[Pa- ] i) |i] =0
where the last equality uses fh is unbiased of T}, given Dy, _1. This gives the desired result. .

Next we show martingale difference | X; — X;_1| is bounded with high probability.

“Note the 0 in log( HSA/6) is identical to the failure probability in Theorem D.1
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Lemma E.2. With probability 1 — 6,

H?log(HSA/9d)
n - dpy,

51t1p | X: — Xi—1| < O ).

Proof.
Xt = Xea| = (V7 (T = T)di ) < 1T = T) " Vi lloolldi ol = 11(T2 = T) VY7 || oc
For any fixed pair (s, a;), we have

((Tt - Tt)T‘/tﬂ)(St—hat—l)
=1(Ee-1) - (Ty — T)T V") (501, ar—1)
=1(E¢-1) - Z Vtw(st)(ﬁ = Ty)(st|st—1,at-1)

St

=1(E;-1) - (Z V;ﬂ(st)j;t(st‘stfla ai—1) — E[V{"[s¢-1, atl])

1 i i i ™
=1(E—) - (Z Vtw(st)ni Z]l(si ) = St s§31 = st_l,ai_)l =a;—1) — E[V} St—l,at—1]>

— 1,0t — .
1,4t—1 ;1

1 i i i i -
:1(Et—1) (n ZVtﬂ'(sg ))Il(5§ ) = st,Sg_)l = st_l,ag_)l = at_l) — E[‘/t |st_1,at_1}>

1 i -
=1(Ep) | —— > Vi (st)) — BV [se-1.ai] |

where the fourth line uses the definition of 7} and the fifth line uses the fact DLV (st)]l(sii) =

5t75§i)1 = st_l,agi,)l =a4_1) = V;”(Sf))]l(sg” = 54, Sﬁ)l = st_l,ag’;)l = 1)

Note [|V;"(+)||o < H and also conditional on Ey, ng, o, > nd}'(st, ar)/2, therefore by Hoeffding’s

inequality and a Union bound we obtain with probability 1 — ¢

H?log(HSA/d) )= Of H?log(HSA/d)

: 7
n-ming s, q, di (S¢, at) n-dpy

Sl;p | X — Xi—1| < O(\/ ).

Next we calculate the conditional variance of Var[X;1|Dy].

Lemma E.3. We have the following decomposition of conditional variance:

Var[Xt_H |Dt] =

C’iert,at2~]lEt
) (s1,00)" - 1(Ey)

T 1 1 1
- Var[Vi (s ) lst" = s 0t = ad

St,at
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Proof. Indeed,

Var[X;1|D;] = Var Z Z Vi (041)(T — T)(5141|5¢, ar)df (s¢, az) | Dy

St At St+1

= Var | Y VA (se42)(T = T)(se11se,00) | Dy | dF (51, a0)°

St,at St4+1
= Z - Var Z ‘/t+1 St+1 St+1‘8t7at) D d?(st, at)Q
St,a¢ §t+1
= Z - Var Z Vi1 (st41) Z]l st+1 = 8t+1755, R shagl) = a;)| Dy df(st7at)2
St,0¢ | St+1 Msi,ay i=1
1(E; ~
Y M v | Y v dGsa?
se,ap S0t i:sii)—st ai )—at
dj (s, a,)® - 1(Ey) 1
- Z ’ - Var| t11(3t+1)‘3t = 5 ag ) = = ay]

n‘; a
St,at £t

)
where the second equal sign comes from the fact that when conditional on D,, we can separate n
episodes into S A groups and episodes from different groups are independent of each other. The
third uses 1(E;) is measurable w.r.t D,. Similarly, the last equal sign again uses n, ,, episodes are
independent given D;. ]

Lemma E.4 (Yin & Wang (2020) Lemma 3.4). For any policy m and any MDP.
H H

S| =32 ([ 0 v ol
t=1 t=1

"))

This Lemma suggests if we can bound Ef by O(dF) with high probability, then by Lemma E.3 we
have w.h.p

Var,

+E, [Var [E[r(1> V(515D D)

H2

ZVarXt+1|Dt J<O(—— ZEVar (s s, el < <0( )

t=1
Note this gives only H? dependence for thl Var[X;1|D;] instead of a naive bound with H? and
helps us to save a H factor.

Next we show how to bound Jf .

E.2 Bounding d7 (s, a;) — dF (s, aq)

Our analysis is based on using martingale structure to derive bound on d (s, a;) — dF (s;, ay)
for fixed ¢, s¢, a; with probability 1 — §/HS A, then use a union bound to get a bound for all

d7 (s, ay) — dF (s¢, ay) with probability 1 — 4.

Concretely, in (7) if we only extract the specific (s;, a;), then we have
t

d7 (si,a1) — df (se,a0) = > (Cngraemn(Tn — Th)dj 1) (e, ae) + (Pre(df — dT)) (s, ar),
h=2

here Eg (s¢,at) — df(st,a¢) already forms a martingale with filtration 7y = o(D;) and
(Chpr.emn(Th — Th)dh_l)(st7 ay) is the corresponding martingale difference since

E[(Thyrmn(Th — Tn)dg_1) (50, )| Fr1] = (ChsramnB(Th — Th) | Fn_1ldf_1) (51, ar) = 0.
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Now we fix specific (s¢, a;). Then denote (I'p41.475) (S, a¢) =T, € R'*S | then we have
((Chsraemn(Th=Tn)df 1) (50, a0)| = Do (Th=Tn)di_y| = [{(Th—=T0h) T3ty dy )| < ||Thp (Th=Th)||oo 1.

Note here T, (T}, — T) is a row vector with dimension SA.

Bounding ||T,.,(T), — Th)l|oc

In fact, for any given (s,_1, an—1), we have

et (Th = Tn) (sn—1, $n—1) = L(Ey) - Ty (T — Th) (-1, an—1)

1 1 1
=1(Ey) Ty | ——— > e — E[%;;HS%L = sn-1,0,0 ) = ana

n
Stobat-1 L Gy W _
z‘shil_sh_l,ahil_ah_l

1 i Dy, (1 1
=UE) | ——— > hee(sh”) — Bl ()54 = s, a2, = ano]
T e e 10l?) i =an s
Note by definition F;Z:t(sgf)) < 1, since (Tpi1.478) (8¢, ar) := T, € RV and T 41,4, 5, are just
probability transitions. Therefore by Hoeffding’s inequality and law of total expectation, we have

‘)

P (\Fﬁm(fh = Th)(sn—1,an-1)| > 6) =P <|F§ut(fh = Th)(sh—1,an-1)| > €

)

2
2n5h,—1 aap—1 " €

1

ndy_ (sp—1,an—1) - €

I )

<E [exp(—

Et} < exp(—

and apply a union bound to get

P(S%p Thet (T = T)lloe > €) < H - Sl}leP(HF;L:t(Th = Th)llee > €)

<HSA- sup P(‘F%t(fh —Th)(shfl,ahflﬂ > 6) (10)
h,sh—1,an—1
nmind; | (sp—1,an_1) - € )
< . — —
<HSA - exp( T ) 7ISA

Let the right hand side of (10) to be 6/ HS A, then we have w.p. 1 — §/HSA,

1 H?252 A
log 5 ).

sup T (Th = Th) oo < 0(\/ (11

n-dpy

Go back to bounding d7 (s;, a;) — d7 (s¢,a;). By Azuma-Hoeffding’s inequality (Lemma A.5),
we have'?

62

B(d} (st ar) — df (s1,a,)] > €) < exp(— _ ) = 6/ HSA,
Sy (supy [T o (T — T |oc)?

where Zzzl(suph ||I‘;ut(f h — Th)||so)? is the sum of bounded square differences in Azuma-
Hoeffding’s inequality. Therefore we have w.p. 1 — §/HSA,

HSA

|7 (50, 1) — df (s4, a0)] < 0(\/t' (SI;P 1T (T = Tl oo)? log ); (12)

19To be more precise here we actually use a weaker version of Azuma-Hoeffding’s inequality, see Remark E.7.
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combining (11) with above we further have that w.p. 1 — 26/HSA,

- : t . H252A2  HSA
|dt<st7at>dt<st,at>30<¢ndmlog " log =25

Lastly, by a union bound and simple scaling (from 26 to §) we have w.p. 1 — ¢

~ H H?252 A2 HSA
dif —df|e < 1 1 .
sup |47 — d]| _o<\/ndm og = log =)

This implies that w.p. 1 — 8, Vt, s¢, ag,

H H?25%A? HSA
. log 5 log 5 ). (13)

Ef(st,at)Q S 2d?(8t, CLt)Z + O(
Combining (13) with Lemma E.4 and Lemma E.3, we obtain:

Lemma E.5. With probability 1 — 6,

H*SA H?5%A? HSA
g 108 5 le =) (14)

H H2
ZVar[XH.ﬂDt] < O(W) +O(
t=1 m

Proof of Lemma E.5. By (13) and Lemma E.3, we have Vt, with probability ay least 1 — 4,

St7 at) .
nd,,

(1) (1)

Var[X;,1|Dy] < Zo ) - Var[V7 (s$)]s8 = s, 0l = a4

1 ,r H . H2S?A2  HSA B
< ¥ 00 (20 (sta® + 0 1o 5 tog T ) VeV ()l = sl =

St,at

d
H H?2S52%A? 1 HSA
d

1 _ .
3 0<@> (24251000 + O )) Vv = sl = o]

log 5 og 5
1 H H2S2A2 HSA
< O(——)E | Var[V7 (s[5, afV]| + Of . log log -H%SA)
nd nd nd 1) 1)

. H3SA H?S2A% HSA
= 0(—)E [VarlV7L (st o] + O(T522 o -5 10g 125

e

then sum over ¢ and apply Lemma E.4 gives the stated result. .

Combining all the results, we are able to prove:
Theorem E.6. With probability 1 — 0, we have
1 <ol \/ H?1og(HSA/0) \/ HASA - log(H2S2A2/6) log(HSA/5)

;W? —di, )| < nd,, n2d2,

)

where O(-) absorbs only the absolute constants.

Proof of Theorem E.6. Recall X = Zf 1 <(§” dT,r) and by law of total expectation it is easy to
show E[X] = 0. Next denote 02 = O(nd )+ O(H;ldSQA log H252A2 log 94 as in Lemma E.5
and also let M = sup, |X; — X;_1|. Then by Freedman 1nequahty (Lemma A.6), we have with
probability 1 — /3,

|X — E[X]] < /802 -1log(3/) + % -log(3/8), Or W > o

where W = Zil Var[X;11|D;]. Next by Lemma E.5, we have P(W > ¢2) < 1/34, this implies
with probability 1 — 26/3,

| X —E[X]| < /802 -10g(3/d) + % -log(3/9).
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Finally, by Lemma E.2, we have P(M > O( H21%’25‘4/5))) < §/3. Also use E[X] = 0, we have
with probability 1 — 4,

1X| < VBT Toa /) + oM H RIS vog(s )

m

Plugging back the expression of 02 = O(%) + O( I:; sz log L S A log 5 A) and assimilating
the same order terms give the desired result. -

Remark E.7. Rigorously, standard Azuma-Hoeffding’s inequality Lemma A.5 does not apply to (12)
since supy, ||, (Th — Th)|| oo is not a deterministic upper bound, we only have the difference bound
with high probability sense, see (11). Therefore, strictly speaking, we need to apply Theorem 32 in
Chung & Lu (2006) which is a weaker Azuma-Hoeffding’s inequality allowing bounded difference with
high probability. The same logic applies for a weaker freedman’s inequality consisting of Theorem 34
and Theorem 37 in Chung & Lu (2006) since our martingale difference M = sup, |X; — Xy—1| in
the proof of Theorem E.6 is bounded with high probability. We avoid explicitly using them in order to
make our proofs more readable for our readers.

We end this section by giving the proofs of Theorem 3.2 and Theorem 3.3.

Proof of Lemma 3.2 and Theorem 3.3. The proof of Lemma 3.2 comes from Lemma C.3, Lemma C.4
and Theorem E.6. The proof of Theorem 3.3 relies on applying a union bound over II in Theo-
rem 3.2 (recall all non-stationary deterministic policies have |II| = A7), then extra dependence of
V/1og(]II]) = \/H Slog(A) pops out. Note that the higher order term has two trailing log terms (see
the right hand side of (14)), so when replacing ¢ by ¢/|II| with a union bound, both terms will give
extra v HS dependence so in higher order term we have extra H.S dependence but not just v HS.

F Proof of uniform convergence problem with local policy class.

In this section, we consider using OPEMA estimator with data D’. Also, WLOG we only consider
deterministic reward (as implied by Lemma C.4 random reward only causes lower order dependence).
Also, we fix N > 0 for the moment. First recall forallt =1,..., H

lz r(sy ) |sft) = Stl

t'=t
(1) = 5t7a§1) = at‘|

Q7 (st,ar) = [Z Ty st, ,at

t'=t

where r;(s, a) are deterministic rewards and s( ) ag ) are random variables. Consider V7, QF as

vectors, then by standard Bellman equations we have forallt =1,..., H (define Vg1 = Qu4+1 =0)
Qf :Tt“‘ngdQ?Jrl :Tt+Pt+1V;117 (15)

where P/ € R(54)x(S4) i the state-action transition and P;(-|-,-) € R(S4)*5 is the transition
probabilities defined in Section 2. Also, we have bellman optimality equations:

Qf =71+ P Vi, Vi (st) == rrzafo(st,atL 77 (s¢) := argmax QF (s, a) Vs (16)

at

where 7* is one optimal deterministic policy. The corresponding Bellman equations and Bellman

optimality equations for empirical MDP M are defined similarly. Since we consider deterministic
rewards, by Bellman equations we have

Q? - Q? = Ptﬁ-l@?—&-l - Pt73-1Qf+1 = (PZEH - Pt7f|r1)Q?+1 + Ptﬁ-l(@fﬂ - QL—l)
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fort =1,..., H. By writing it recursively, we have Vt = 1,.... H — 1

Qr —QF = 2:13Hh (PF = P,
h=t+1
H ~ A~
= Z F?—&-l:h—l(Ph = P)Vy,
h=t+1

where '}, = H?:t P is the multi-step state-action transition and I'}7 ;,; := I.

Note 7* to be the empirical optimal policy over M, we are interested in how to obtain uniform
convergence for any policy 7 that is close to 7*. More precisely, in this section we consider the policy
class II; to be:

I = {7 st V7 = V7 oo < €opt, VE=1,..., H}
where €, > 0 is a parameter decides how large the policy class is. We now assume 7 to be
any policy within IT; throughout this section. Also, 7 may be a policy learned from a learning

algorithm using the data D. In this case, 7 may not be independent of P.

We start with the following simple calculation:!!

H
@ -QF| < X T [P - POTF|
h=t+1
i~ (D)
<§jnﬂh$ﬂ POV }jthJ — POV = Vi)
h=t+1 h=t+1

We now analyze (* * x) and (* * *x).

: H 71' 2 OR* O
F.1 Analyzing Zh:tJrl | AP ‘(Ph - P)(ViT =V )‘
First, by vector induced matrix norm'? we have

ZIaM1\m—an—ﬁ>
h=t+1

< Hsup [0y [P = P = VDI

< H'SUPHKﬁh — P (Vi - a}f)\H
h 0o

where the last equal sign uses multi-step transition I'}__,.;, _; is row-stochastic. Note given N, ISt( |- -)
all have IV in the denominator. Therefore, by Hoeffding inequality and a union bound we have with
probability 1 — 4,

~ log(HSA/§
sup | Pu(S¢|se—1,ai—1) — Pi(se|se—1,a:-1)] < O( log(HSA/9)

t,8t,8t—1,at—1 N
this indicates

),

~ v mm ~ log(HSA/d
sup [P = PO = T < com - su0 | 1B = Pl 1] _ < e - 05y ELLEALD
where 1 € R is all-one vector. To sum up, we have
Lemma F.1. Fix N > 0, we have with probability 1 — 6, forallt =1,.... H — 1
H
~ ~ PAPUTPAN H2S%1log(HSA/
Eiwmh«m—mmq—stQw0< s /)¢>
h=t+1

Now we consider (x x ).

"Since all quantities in the calculation are vectors, so the absolute value | - | used is point-wise operator.
"For A a matrix and x a vector we have || Az|| < [|A]l [z,
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F2 Analyzing 7, TF, .| ’(ﬁh — PV

Lemma F.2. Given N, we have with probability 1 —§,Vt=1,.... H — 1

/i HSA(S HSA
ZFthl‘Ph—Pth ’< th+1h1< log(HSA/6) [ r(V7) ) Jog ; ).1)

h=t+1 h=t+1

where Var(vF) € RS and Var(V/)(s;_1,ar_1) = Varg, [V (*)|st_1,a:_1] and | - |, /- are point-
wise operator.

Proof of Lemma F.2. The key point is to guarantee 13h is independent of ‘A/,f " so that we can apply
Bernstein inequality w.r.t the randomness in Pj. In fact, note given N all data pairs in D’ are
independent of each other, and P, only uses data from i — 1 to h. Moreover, V}ZAT " only uses data

from time h to H since XA/h” uses data from h to H by bellman equation (15) for any 7 and optimal
policy 7}, ;; also only uses data from h to H by bellman optimality equation (16).

Then by Bernstein inequality (Lemma A.3), with probability 1 — §

~ PO /10g 1/(5 P 4(H t) 1
(Pr, — Pr)Vi© | (St—1,a¢-1) \/VI“V J(St—1,at—-1) 3N log(g)

apply a union bound and take the sum we get the stated result. .

Now combine Lemma F.1 and Lemma F.2 we obtain with probability 1 — §, forallt =1,.... H — 1

A [log( HS’A 0 / - HSA
'Qt —Qt Z Ft+1h 1( / V 10%( 5 )1>
h=t+1
262
e \/HS log(HSA/S)
log( HSA d) ~ 4H? HSA
N——F log(H54/0) Z T tne 1\/ Var (V7™ )+37N1 g(—— 5 )1
h=t+1
H2S5%1log(HSA/S
+Cl€op[' O%\(/v / ) : 17

(18)

Next note 4/ Var(-) is a norm, therefore by norm triangle inequality we have

\/Var(\A/,f*) < \/Var(‘A/f* — ‘7,?) + \/Var(‘A/ZT - Vi) + \/Var(V,f)
1+ \/ Var(V/T)
1+ \/ Var(V/T)

<[

A+ [V -
o0

Seopt'l‘i’HngQg

Plug this into (18) to obtain

log(HSA/S) <~ /- 7 1 ||oF — oF
4W Z < Zfr-l-l:h—l\/\m—’— HQZ B QZ
h=t+1

H?5%log(HSA/0) 1
N

2
) 4H HSA)-l

+ 3y sl

@7 - i<

+ Co€opt
(19)

Next lemma helps us to bound Zf:tﬂ I7 h_1y/ Var(ViF).
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Lemma F.3. A conditional version of Lemma E.4 holds:

H
Var, ngl)
t=h t=h

1 e 1 1 1
E, [Var[ [r; (a )—i— t+1(3§+)1)‘5( ), E )]’sg )HS;) = sh,afl) :ah] )

and by using (20) we can show

V= s, aﬁll) = ah] = i ( [Var [7"151) + Vt+1(5£+1 ‘St a } ’ = ah}

(20)

t+1h 11/ Var( V’r < V(H-1t)3

h= t+1

Proof. The proof of (20) uses the identical trick as Lemma E.4 except the total law of variance is
replaced by the total law of conditional variance.

Moreover, recall I'7, ., _; = Hf t1+1 PF is the multi-step transition, so for any pair (s, a;),

<Ff+1:h—1 Var(Vf)) (5¢,a¢)
1

H
—t4
H
Z Z \/Var |sn_1,an_1)dF (Sh_1,an_1|s¢, ar)
h=t+1sh—1,an-1
H
=t+
H

> \/Var[VfISh_u an—1]df (sh—1,an—1ss, az) - \/df(Sh_u an—1|st, ar)

1sp—1,an—1

< > Var[ViF|sno1, an1ldf (sn-1,an-alsi,a) - Y di(snov,an-ilsi,ar)
h=t+1 \/ $h—1,ah—1 Sh—1,0h—1

H
=> > Var[ViT|sn-1,an—1]df (sh-1,an—1]ss, ar)
h=t+1 \| Sh—1,an—1
St, at]

H
=Y \/E?f [Var[Vﬂsg—)va;l)l}
h=t+1
H
Z St#lt}

V1. \/ = | Var[V,7 |5§Ll)1,ah1)1]
Staat:|

s = st,ail) = at] <V(H-1t)3

IA

(H —1) Z EA{VM[VﬂSh 17a§3)1]
h=t+1

<,|(H —t)- Varz

\

where all the inequalities are Cauchy-Schwarz inequalities. -

H
>

h=t+1

Apply Lemma F.3 to bound (19), and use co norm on both sides, we obtain
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Theorem F.4. Conditional on N > 0, then with probability 1 — 6, we have forallt =1,.... H — 1

[H31og(HSA/5) W A o
We—x§ NhZZmHQh—th

H2S21og(HSA/S
+6260p,-\/ %\(/_ /)

4H? HSA
+ 5 log(—0)

7 _ ol <
@7 - i < N

Then by using backward induction and Theorem F.4, we have the following:
Theorem F.5. Suppose N > 64H? -log(HSA/S) and e,y < \/H /S, then we have with probability
1-46,

jor - D)

where ¢ is the same constant in Theorem F4.

< 2(9+ ca)

Proof. Under the condition, by Theorem F.4 it is easy to check forall ¢ = 1, ..., H —1 with probability

1— 5,

h=t+1

|ar—ar_

which we conditional on.

Fort = H — 1, we have

A » H? log( HSA J) log( HSA 0) || A »
’ Q-1 — QH—1H SGFe) — Hlog(HE4/5) T log(H54/0) H - QF
<G+e /H3log HSA/5 /H210g HSA/5

H3log( HSA/(S
SOF ey
< 2(9 + )/ LLEHEA) p1ds for all h = t 4 1, ..., H, then for h = ¢,

o0

Suppose H@f - Qi

we have
5% R 3 SA/S SA/S) I A -
167 — Q7] = (5 ey [BTTSAD , [OBTTSATD) S5 o g
h=t+1
< (9-+ oy T IBUISAPD)  [UT = IPIORUHSAD) ) [HToBUTSA]D)
29+ expy L LBTTALD)

where the last line uses the condition N > 64H? -log(HSA/J). By induction, we have the result. =

Proof of Theorem 3.4. By Theorem F.5 we have for N > ¢ - H? - log(HSA/$),
? (|lor - o2 v) s

The only thing left is to use Lemma C.1 to bound the event that { N < nd,,/2} has small probability.

H3log(HSA/6)

> 2(9 + c2) N

Last but not least, the condition n > ¢; H?log(HSA/J)/d,y, is sufficient for applying Lemma C.1
and it also implies N > ¢ - H? - log(HSA/§) (the condition of Theorem F.5) when N > nd,;, /2
since:

n > ciH*log(HSA/S)/dm = ndp /2 > coH? log(HSA/S)
which implies N > ¢y - H? - log(HSA/§) when N > nd,, /2. .
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G Proof of uniform convergence lower bound.

In this section we prove a uniform convergence OPE lower bound of 2(H?/d,,¢?). Conceptually,
uniform convergence lower bound can be derived by a reduction to the lower bound of identifying the
e-optimal policy. There are quite a few literature that provide information theoretical lower bounds in
different setting, e.g. Dann & Brunskill (2015); Jiang et al. (2017); Krishnamurthy et al. (2016); Jin
et al. (2018); Sidford et al. (2018). However, to the best of our knowledge, there is no result proven
for the non-stationary transition finite horizon episodic setting with bounded rewards. For example,
Sidford et al. (2018) prove the result sample complexity lower bound of Q2(H3S A/e?) with stationary
MDP and their proof cannot be directly applied to non-stationary setting as they reduce the problem
to infinite horizon discounted setting which always has stationary transitions. Dann & Brunskill

(2015) prove the episode complexity of Q(H2SA/€?) for the stationary transition setting. Jin et al.
(2018) prove the Q(v H2S AT) regret lower bound for non-stationary finite horizon online setting
but it is not clear how to translate the regret to PAC-learning setting by keeping the same sample
complexity optimality. Jiang et al. (2017) prove the Q(H S A/e?) lower bound for the non-stationary
finite horizon offline episodic setting where they assume Zil r; < 1 and this is also different from
our setting since we have 0 < r; < 1 for each time step.

Our proof consists of three steps. 1. We will first show a minimax lower bound (over all MDP
instances) for learning e-optimal policy is Q(H3SA/e?); 2. Based on 1, we can further show a
minimax lower bound (over problem class M, ) for learning e-optimal policy is Q(H?/d,,€?); 3.

prove the uniform convergence OPE lower bound of the same rate.

G.1 Information theoretical lower sample complexity bound over all MDP instances for
identifying e-optimal policy.

In fact, a modified construction of Theorem 5 in Jiang et al. (2017) is our tool for obtaining

Q(H3SA/€%) lower bound. We can get the additional H? factor by using 312 7; can be of
order O(H).

Theorem G.1. Given H > 2, A> 2 0<e< ﬁ and S > ¢ where c1 is a universal constant.

Then there exists another universal constant c such that for any algorithm and any n < cH3*SA/€?,
there exists a non-stationary H horizon MDP with probability at least 1/12, the algorithm outputs a
policy T with v* —v™ > e

Like in Jiang et al. (2017), the proof relies on embedding ©(H S) independent multi-arm bandit
problems into a hard-to-learn MDP so that any algorithm that wants to output a near-optimal policy
needs to identify the best action in Q2(H S) problems. In our construction, the first half of the hard-
to-learn MDP instance is identical to the case in Jiang et al. (2017) and the latter half uses a “naive”
copy construction which is uninformative. The uninformative extension will help to produce the
additional H? factor.

Proof of Theorem G.2. We construct a non-stationary MDP with S states per level, A actions per
state and has horizon 2H. At each time step, states are categorized into four types with three special
states wp,, gp, by, and the remaining S — 3 “bandit” states denoted by sy, ;, i € [S — 3]. Each bandit
state has an unknown best action a;‘h ; that provides the highest expected reward comparing to other
actions.
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S-3
bandit
states

Figure 2: An illustration of State-space transition diagram

The transition dynamics are defined as follows:

e forh=1,...H—1,

— For waiting states wy,, all actions have equivalent state-action transitions, i.e. for all
a € A, we have

-+ if - = wpp1
I[D.wva, = H . .
(‘ h ) {I—I(S];_S) lf':Sh—i-l,i?Z:]"""SiS

— gn, always transitions to gp 11 and by, always transitions to by, 1, i.e. for all a € A, we
have

P(gn+1lgn,a) =1, P(bpy1]bp,a) = 1.

— For each bandit state sy, ;, the corresponding optimal action aj, , follows:

/247 if - = gnhy1
P(-|sn,i,ap ;) = 7 ’
([sn,i> ap, ;) {1/2 -7, if-=buy,

and all other actions a € A follow:

12, if - = gpa1,
]P . 79 - .
(lsnara) {1/27 if - = byt

We will determine parameter 7 at the end of the proof.

e forh = H,...,2H — 1, all states will always transition to the same type of states for the
next step, i.e. Va € A,

P(gh+1lgn, @) = P(brt1l|bn, a) = P(whi1|wn, a) = P(sp41,ilsn4,a) =1, Vi e [S —3].
21

e The initial distribution is decided by:

P(wi) =1-1/H, P(s1,;) = , Vie[S—3]. (22)

1
H(S —3)

e State s will receives reward 1 if and only if s = g5, and h > H. The reward at all other
states is zero.
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By this construction the optimal policy must take a}, ; for each bandit state s, ; for at least the first
half of the MDP, i.e. need to take a;’i for h < H. In other words, this construction embeds at least
H(S — 3) independent best arm identification problems that are identical to the stochastic multi-arm
bandit problem in Lemma A.7 into the MDP. The reason why these problems are independent is
because the samples collected from one provides no information about any others.

Notice in our construction, for any bandit state s;, ; with b < H, the difference of the expected
reward between optimal action a; , and other action is:

1 1 1 1
(§'+'T)']EVYh+1y2HW9h+1]*‘(5'—'T)'IEPXh+1y2Hth+1]—-5-]Ehxh+1yzﬂﬁgh+1]+-§'JEPXh+1y2Hth+1]
1 1 1 1

(2+T) +(2 7)-0 5 +3 0=r

23
so it seems by Lemma A.7 one suffices to use the least possible WAHV samples to identify(thg
best action a;’i. However, note the construction of the latter half of the MDP (21) uses mindless
reproduction of previous steps and therefore provides no additional information about the best action
once the state at time H is known. In other words, observing 2351 ry = H is equivalent as observing

Zf: 1 7t = 1. Therefore, for the bandit states in the first half the samples that provide information for
identifying the best arm is up to time /7. As a result, the difference of the expected reward between
optimal action aj , and other action for identifying the best arm should be corrected as:

1 1 1 1
(5 +7) Elrtny:mlgneal + (5 = 7) - Elrgnny:mbrn] = 5 - Elrarn):mlgnea] + 5 - Elrgry:n|baa]
1 1 1
:(§+T)'1+(§*T)'O 1+f 0=r

Now by Lemma A.7, for each bandit state sy, ; satisfying h < H, unless T“:Q samples are collected
from that state, the learning algorithm fails to identify the optimal action aj, ; with probability at least

1/3.
After running any algorithm, let C be the set of (h, s) pairs for which the algorithm identifies the

correct action. Let D be the set of (h, s) pairs for which the algorithm collects fewer than
samples. Then by Lemma A.7 we have

_A_
7272

EC=E | Y tans =aj]J| <(S=3)H—|DN+E| > Llans =aj,]

(h,s) (h,s)eD

< (5~ 9)H ~ D))+ 2|D| = (5~ 3)H — 5 |D|.

H(5-3)

If we have n < X 2 =, by pigeonhole principle the algorithm can collect 72 = samples for
at most half of the bandit problems, i.e. |D| > H(S — 3)/2. Therefore we have

E[lC]] < (S - 3)H**\D\< (5 3)H

Then by Markov inequality

11 5/6 10
P|IC|>—=H(S-3)| <——=—
€12 12 ( )| = 11/12 11
so the algorithm failed to identify the optimal action on 1/12 fraction of the bandit problems with
probability at least 1/11. Note for each failure in identification, the reward is differ by 7H (see (23)),

therefore under the event {|C’| > L H(S — 3)}, following the similar calculation of Jiang et al.
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(2017) the suboptimality of the policy produced by the algorithm is
e =" —v" =Pvisit C'] x TH + Plvisit C] x 0="P[ | J visit(h,i)] x 7H

(h,i)eC’
= Z P[visit(h, )] x TH = Z m(k 1/H)"'rH
(h,i)eC’ (h,i)eC’
1 11
> - (1-1/H)"7H > - _H
= Z Ay T YH)rH = Z H(S—3)4"
(h,i)eC” (h,i)eC”
H(S-3) 1 1 TH
> SrH =2,
=7 12 H(S-3)4 48

where the third equal sign uses all best arm identification problems are independent. Now we set
7 = min(y/1/8,48¢/H) and under condition n < cH3SA/e?, we have

A _H(ES-3)

A

n < CHPSAJE < cHSAJ(e/H)? < cAS2HSA/r? — cAS? - T2H S~ = (HS. <
7272 7272 2

the last inequality holds as long as S > 3/(1 — 2¢’). Therefore in this situation, with probability at
least 1/11, v* — v™ > e. Finally, we can use scaling to reduce the horizon from 2H to H.

G.2 Information theoretical lower sample complexity bound over problems in M, for
identifying e-optimal policy.

Forall 0 < d,, < 55, define Cas := {(t,s¢,a¢) : s.t. 7 (s4,a;) > 0}. Let the class of problems
be

Ma,, = { (1, M) | min_ df (sg,a¢) > di },

(t,s¢,a¢)ECM
now we consider deriving minimax lower bound over this class.

Theorem G.2. Under the same condition of Theorem G.1. In addition assume 0 < d,,, < SLA. There
exists another universal constant ¢ such that when n < cH? / d €2, we always have

inf sup Py (v —v"ets >€) > p.
vl (1, M)EMa,,

Proof. The hard instance (u, M) we used is based on Theorem G.1, which is described as follows.

e forthe MDP M = (S, A,r, P,dy,2H + 2),

Initial distribution d; will always enter state sq, and there are two actions with action
a1 always transitions to syes and action ao always transitions to sp,. The reward at the
first time 71 (s, a) = 0 for any s, a.

For state s, it will always transition back to itself regardless of the action and receive
reward 0, i.e.

Py(Sno|Snos @) = 1, 7¢(8no,a) =0, Vi, Va.
For state sy, it will transition to the MDP construction in Theorem G.1 with horizon
2H and syes always receives reward zero.

— For t = 1, choose p(a1|sp) = %deA and p(az|sg) = 1 — %deA. Fort > 2,
choose (4 to be uniform policy, i.e. p(atls:) = 1/A.

Based on this construction, the optimal policy has the form 7* = (ay, .. .) and therefore the MDP
branch that enters s, is uninformative. Hence, data collected by that part is uninformed about
the optimal policy and there is only %deA proportion of data from sy are useful. Moreover,
by Theorem G.1 the rest of Markov chain succeeded from sy, requires Q(H3SA/€?) episodes
(regardless of the exploration strategy/logging policy), so the actual data complexity needed for the
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3 2
whole construction (u, M) is % = Q(H3/dn€?). It remains to check this construction

1, M stays within M . Since the only states can receive positive reward 1 are good states (with
t > H + 1), so it suffices to check d}'(g¢,a) > d,, for all a and ¢t > H + 1. Recall the 2H MDP
construction in Theorem G.1, then it is clear good state g, can only be obtained in the following
two ways:

1. Sy887w17w2) ey W1, Sh,ivgt+1) 2. Gu — gt+1 fOT some u S t
where i = 1, ...,.5 — 3 can be any bandit state at time ¢, therefore by Markov property (of the MDP)
5-3 t
d?+1(9t+1) = Z PH(Gt415 Shyis We—15 -+« W2, W1, Syes) + Z iy (gu)

i=1 u=1
5-3 t—2 t

= P(grsrlsni)P(snilwi1) [ [ Pwssr|we)P(wi]syes)P(syes) + > _ db(gu)
i=1 s=1 u=1
5-3 4 1 1 t

= = ——(1-=)"1.4q,54 dt(gu

1 1 :

= (= —C. I
(5+7)5C dmSA+ ; dt(g.)

oL Lo gAY e

~9'H m w\Ju

u=1

Note % - %C - d,, A is independent of ¢, therefore using above by induction it is easy to show
t+1
di 1 (ge1) > C/TdmA;
now use the only states can receive positive reward 1(> v) are good states with ¢ > H, we have
d?+1(gt+l) > CldmAa

finally recall 4 is uniform, therefore d',(g141,a) > C'dpA - % = Q(dy,) forall a and t > H.
This concludes the proof.

Remark G.3. A directly corollary is that the sample complexity in Theorem 4.1 part 3. is optimal.

Indeed, for the case e,y = 0, Theorem 4.1 implies T is the e-optimal policy learned with sample

complexity O(H?log(HSA/S)/dme?). Theorem G.2 implies this sample complexity cannot be
further reduced up to the logarithmic factor.

G.3 Information theoretical lower sample complexity bound for uniform convergence in
OPE.

By applying Theorem G.2, we can now prove Theorem 3.5.

Proof of Theorem 3.5. We prove it by contradiction. Suppose there is one off-policy evaluation
method ©™ such that

H3
sup [0 — v <o -—

)
mell dmn

where o(-) represents the standard small o-notation. Then by
0< 0™ — " =0 —F° 457 —v"
< o™ =TT |+ [0 — o7 | < 2sup|v™ — 77
™
this OPE method implies a e-optimal policy learning algorithm with sample complexity o( H3/d,,,€?)
which is smaller than the information theoretical lower bound obtained in Theorem G.2. Contradic-
tion! .
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H Proofs of Theorem 4.1

Proof of Theorem 4.1. Part 1. and Part 2. are just direct corollaries. We only prove Part 3. here.
Indeed, by definition of empirical optimal policy we have Q™ < Q7 , so we have the following:

QF — QT =Q7 —QF +Q7 -~ QT +QF — QF
<QT -QT +Q -QT+Q7 -}
<QT - Q7 +ep-1+QT —QF

and @f — Q7 can be bounded by Theorem 3.4 using local uniform convergence. QT — @’f can be

bounded by O( W) using the similar technique in Section F even without introducing

€opt Since 7* is a fixed policy. All these implies:

H3log(HSA/S)
nd,,

QT*_Q?S O( )+€0pt 1.

Especially when e, = O then this is slightly stronger than the stated result since:

H?log(HSA/S)

< O nd

of =l = Qf (7 (D=QF (F () < QF (' ()=QT (vn*() < [[Qf = Q|| )1

I Simulation details

The non-stationary MDP with used for the experiments have 2 states sg, s1 and 2 actions a;, as where
action a; has probability 1 always going back the current state and for action as, there is one state s.t.
after choosing as the dynamic transitions to both states with equal probability % and the other one
has asymmetric probability assignment (i and %). The transition after choosing as is changing over
different time steps therefore the MDP is non-stationary and the change is decided by a sequence of
pseudo-random numbers. More formally, P, can be either

1if- =5 3 if =5
P(so[s0,a1) = 1;P(s1|s1,a1) = 1;P(:[s0,a2) = ¢ 1" . s P(efs1,a2) =917 .

bR lf'—SO 4 lf'_SO
or

Lif =8 1if- =5
P(so|so,a1) = 1;P(s1]s1,a1) = 1;P(-|so,a2) = 44" .. s P(es1,a2) = 9% ..

1’ lf'—SO 5 lf'—SO

Moreover, to make the learning problem non-trivial we use non-stationary rewards with 4 categories,
ie. 7¢(s,a) € {1,2,2, 1} and assignment of 74(s, a) for each value is changing over time. That

means, one possible assignment can be
re(so,a1) = 1/4, 1¢(s0,a2) = 2/4, ri(s1,a1) = 3/4, re(s1,a2) = 1/4.
Moreover, the logging policy in Figure 1(b) is uniform with y;(a1|s) = ps(az|s) = & for both states.

We implement the non-stationary MDP in the Python environment and pseudo-random numbers
pe, s are generated by keeping numpy . random. seed (100).

We fix episodes n = 2048 and run each algorithm under X' = 100 macro-replications with data
. . ) i€[n],te[H]
Dy = {(sﬁ”, aﬁ”, rt(z))} , and use each Dy (k = 1,..., K) to construct a estimator %],

(k)
then the (empirical) RMSE for fixed policy is computed as:

K T i 2
_+1(v — Vtrue
RMSE_FIX — \/ 2= “}}{ i) :
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and RMSE for suboptimality gap is computed as

K (7l — gy )2
RMSE_SUB = \/Zk—l(v Utrue)

K )

and RMSE for empirical optimal policy gap is computed as

St (0] — o)
RMSE_EMPIRICAL:\/ k=1 [k[]( t 7
where v[;,, is obtained by calculating P[, ,(s'|s) = >_, Piy1,¢('|s, a)m(als), the marginal
state distribution dff = Py ydiy, 1i(se) = X, melse,ae)me(arls) and vfe =

Zf]: 1225, df (se)rf (s¢)- o7 is obtained by running Value Iteration exhaustively until the er-

. . . T * *
ror converges to 0. The average relative error for suboptimality (average of |[v" " — vl . |/vE.,.) at

H = 1000 is 0.0011. Lastly, we also show the scaling of \177?* — v%*| in Figure 3, which shares a
similar pattern as the suboptimality plot as a whole. '3

10t
—— fixed policy OPEMA/TMIS -
—— I‘;r‘r' - vr"r‘l -

100 -

-=- O(VH3/dp, ) Scaling -

Root MSE
8

H
<
b

1073

10! 102 103
Horizon H

Figure 3: Log-log plot showing the dependence on horizon of uniform OPE and pointwise OPE via
learning (|6™ — v™ |) over a non-stationary MDP example.

J On improvement over vanilla simulation lemma for fixed policy evaluation

Vanilla simulation lemma, Lemma 1 of Jiang (2018). Without loss of generality, assuming
reward is determinsitic function over state-action. By definition of Bellman equation, we have the
following:

o DT 1w T T e
Vil =r+ P LWV, VW =r+FP, Vi,

define ep = sup, g, ,, ||P,(:|s¢, az) — Pi(-|s¢, at)| |1, then by Hoeffding’s inequality and union bound,
with probability 1 — o,

. log(HSA/S S2log(HSA/S
ep < S-sup [|P,(|se, ar)—Py(-|se, ar)||s < S- sup O ( Og(/)l(Et)> _o| )5 oslHSA/0)

t,st,at t,st,at Nsy,a4 n-dm

"“Here we do point out the empirical dependence on H for |i)\%* —u" | in the Figure 3 is actually less than
H'5, this comes from that the MDP example we choose is not the “hardest” example for quantity |5”* —o [,
as opposed to quantity |v* — ™ | in Figure 1.

36



then
T e _ATF T e e
Vit =V =P, Vi, — P Vi
ATF iy ATF
< ( ’Pt+1 - Pt+1H1 HVt+1

< (Hep +|

i 7T
V;erl - Vvt+1

)

12l |

Vi — V|| )t
o0

solving recursively, we have

~ 4 Q2
Hv{r B \/H S2log(HSA/6)

n - dmy

This verifies SL has complexity 6(H 452 /d,,e?). We do point out above standard analysis can be

improved (e.g. Jiang (2018) Section 2.2) to O(H 4S/d,,€?), then in this case our analysis (Lemma 3.2)
has an improvement of H?2S with respect to the modified result.

K Algorithms

Algorithm 1 OPEMA

Input: Logging data D = {{sgi), aii), r,gi) ML 17 | from the behavior policy p. A target policy 7
which we want to evaluate its cumulative reward. _

I: Calculate the on-policy estimation of initial distribution dy (-) by d1(s) := = 37", 1(351) =3s),

and set i (+) :==dy(-), dT (s) :=dy ().

2: fort=2,3,...,H do

3:  Choose all transition data at time step ¢, {sgz), aﬁ”, rgl) JSa

4:  Calculate the on-policy estimation of d}'(-) by d}' (s) := £ 31" | 1(sV = s).

5:  Set the off-policy estimation of ﬁt(st [s¢—1,a1—1):

S (st al? ) s0) = (siysi-1, ai1)]

nst—l yAt—1

Pt(st‘stflaatfl) =

when n,, | ., , > 0. Otherwise set it to be zero.
6:  Estimate the reward function

S s = sea) = a)
S A = sl = ay)
WheE Ng,.a, > 0. Other\x//\ise set it to be zero. R
7: Setdf(-,-) according to dT = P[d]_,, where dJ (-, -) is the estimated state-action distribution.
8: end for

9: Substitute the all estimated values above into v™ = Zflz 1 (c?f ,T¢) to obtain U™, the estimated
value of 7.

?t(Sta at) =

Remark K.1. In short, we can see Algorithm 2 requires the splitting data size M which is undecided
by Yin & Wang (2020) and that makes the hyper-parameter requiring additional concrete specifica-
tions to make the data splitting estimator sample efficient. In contrast, OPEMA in Algorithm 1 is
defined without ambiguity and can be implemented without extra work.

Their results require number of episodes in each splitted data M to satisfy O(vVnSA) > M >
O(HSA). To achieve data efficiency, they need n ~ ©(H?SA/€*) and by that condition M has
to satisfy M = C' - HS A. In this case, data-splitting version needs to create N = n/M empirical
transition dynamics and each dynamics use H® /N ~ C - H2SA/€? episodes which is less than the
lower bound (O(H?)) required for learning. Most critically, due to data-splitting it has N empirical
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Algorithm 2 Data Splitting TMIS in Yin & Wang (2020)

Input: Logging data D = {{sii),agi),rgi)}il}?:l from the behavior policy u. A target
policy m which we want to evaluate its cumulative reward. Requiring splitting data size

: Randomly splitting the data D evenly into N folds, with each fold |D®)| = M, i.e. n = M - N.
cfori=1,2,...,Ndo .
Use Algorithm 1 to estimate 5@.) with data D).
end for
: Use the mean of 6?1) , 6?2), ey EETN) as the final estimation of v™.

N

transitions hence it is not clear which transition to plan over. Therefore in this sense their result does
not enables efficient offline learning. Our Analysis for unsplitted version (OPEMA) addresses all
these issues.
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